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The f in i te  in tegral  transform method is used to ob ta in  the solution of  unsteady heat  conduct ion problems 

for a hollow sphere with a m o v i n g  in terna l  boundary and various boundary condit ions at the outer surface. 
For the solution of the problems of interest  integral  transform formulas are presented with kernels  (16), 
(20), and (24) and the corresponding inversion formulas (18), (22), (26), (29) and character is t ic  equations 
(17), (21), (25), (28), (31), (33). 

Using a method analogous to that used in  [1, 
volving a moving  inner  boundary and various outer boundary conditions.  

Up to the  m o m e n t  when the boundary begins  to move,  the m a t h e m a t i c a l  formulat ion of  the problem is 

Ot ( 02t 2 0t ) 
0": -- a --q---Or s r ~Or ' Rl < r ~ R2, c > O, (I) 

t(r, c ) l ,=o  = O, (z) 

at (r ,  ~) I = - -  q~ (~) (3) 
Or Ir=~, X ' 

at + (=) t (r, + Y = 0. (4) 
(c) -52, 

Using the appropriate in tegral  transform, one can ob ta in  the solut ion to (1)-(4). Assume this solution to be @ = 
= ri/2f0(r, r ) ,  where 

2], we shall ob ta in  solutions to spher ica l ly - symmet r ic  problems i n -  

O = rV2 t (r, c). (5) 

From the condition 

t (~ i  = to(r, Co) (6) 

one can find r0 = ~ (R t ,  t(~0)), i . e .  the t ime  at which the boundary begins to move .  From the t i m e  r = T0 on, the bound- 
ary r = R 1 moves according to the law r = s(r ) .  In that  case the m a t h e m a t i c a l  formula t ion  will differ from (1)-(4), first 

because of  the condit ions 

t(r,  r . . . .  - -  fo(r, Co), (7) 
t(r, C)]r=s(,)= t(~) (8) 

and, second, because of  the addi t iona l  h e a t - b a l a n c e  condi t ion at the moving  boundary 

Or(r, c) t _ Qo(c) §  ds 
' d r  /,=s (r 4= r ~ d---~- " (9) 

Now it  is required to find the tempera ture  field for r > r 0 , s ( r )  -< r -< R z and the  law of  mot ion  of the boundary.  
We shall divide the arbitrary t ime  in te rva l  T = T O - r  0 into n parts, as in [1, 2],  corresponding to the t imes  r l ,  r z . . . . .  
v0, v n = To, Ar i  = r i + l  -- r i. The t ime  r i corresponds to the point  O i [ r  i = s ( r i )  ] on the r axis, and we shall assume that  
the point  O i is s tat ionary for r i < ~" < r i +  1 and jumps ins tantaneously  to Oi+ x at v = 7"i+ 1. As a result  we obta in  a s tep-  
l ike  Sn(r) instead of s(~'). It can be proved easily that  the function t i ( r ,  7") satisfies (1) with r > r i, 1" > ri, the i n i t i a l  

condi t ion  t i(r ,  ~') = f i ( r ,  Ti) = t i_l ( r ,  r i ) ,  boundary condi t ion  (8) at r = s i = s( r i ) ,  and boundary condi t ion  (4). 

Using (5), one can solve the above problem by the method of  f in i te  in tegra l  transforms. Assuming the solution to 
be 

t~ (r,  c) = f i  (r ,  ~i) (10) 
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and taking into account  that 

f~ (r, ":3 = ti-~ (r, ":~), (1~) 

we can express t i_l  in (10) in terms of t i -2, then express t i_z in terms of t i -a, etc. The result is 

ti(r, ~ ) =  Fi [f0 (r, %), r, R2, rl, ri_l . . . . .  R1, x, ~:i . . . .  , "Co]" (12) 

Using (12), we can de te rmine  the unknown values r i = s(~" i ), i . e . ,  the approximate  law of  mot ion  of the boundary.  Re- 
write Eq. (9) in the form 

ds _ ~, Ot,(r, ,) l + Qo(') 
d ~ pF Or [r=s i 4rcp Psi (13) 

The r igh t -hand  side of  (13) is a known funct ion of  v. In tegrat ing (13) over ~" from ~'i to r i+  I and adding the equations for 
i =  0, 1, 2 . . . . .  Z ( l - < n ) ,  we obta in  

l - - I  

S('l)--S(~i) = ~ [ S ( * i .  ) - s ( ~ i ) ] =  
i = O  

l - - i  ";i-l- 1 

[ x Ot~ r qo (~) 
(14) 

Knowing s i ( r  ) from (12), we obta in  the functions t i(r ,  r ) .  We shall  now i l lust ra te  this method  by means  of specific ex-  
amples.  

.H011ow sphere with boundary condi t ion  of the first kind at the outer surface ( a ( r )  = B(r)  = 1, 700 = ~ ( v ) ) .  

Applying to the funct ion @ (r, r)  the in tegra l  transform 

R2 ; 0~. (~) = tO(r ,  ~) W o ~ dr (15) 

RI 

with the kernel  

Wo ~ ~ ~'/~ U-- sin ~ k -  -~ .  , (16) 

where Pn are the roots of the character is t ic  equat ion 

with k = RJR v and using the  inversion formula 

W _ I  - -  
o [o~. (~)] =O(r, ~)=r'/~t(r, ~)= 

- -  2 t % ( k _ l ) _ s i n 2 , % ( k _ l ) W o  t~,~ , 
rt-~-I 

(17) 

(18) 

we obta in  the solution 

O(r,.'~) = F h t ( r ,  "0 -- aR]/, 2 ~ ( k - -  1)--  s i n 2 ~  (k - -  1) 

0 

X e x p [ - - ~ ( F o ( 1 ,  ~).-Fo(1, 0))]d0Wo ~n �9 

X 

(19) 
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We determine v0 from Eq. (6). For the t ime ~" m VO and r >__ r i = s(ri) = s i we use transformation (15) with the ker- 
nel 

" __ / - ~ -  ) s i n "  - - 1  
V~ %i ~~ %i ' (2o) 

where 5ui are the roots of  the characteristic equation 

sin ; ~  (k i - -  1) = 0 

with k i = R,z/R I. Using the inversion formula 

VO -1 [68,/('17)] = 0 i (r, . )  = r'/~t~ (r, -c) = 
2 - -  

(+,) ~2 ~'~ O~'i (~) Vo ~,i ' 
2 r~(l h - -  l) 

-~i =1 

(21) 

(22) 

we obtain the solution 

Oi (r, T) = -~ r? (k~ -- I) { r;/" t(v) V'o (B~i) X 
v.=l t 

X { 1 - -  exp  [ - -  ~ (Fo (i, -c) - -  Fo (i, Ti))] } - -  

2 V~ V" --ag,ikiR2 o(~iki) X 

i (Fo (i, "0 - -  Fo (i, 0))]. q02 (0) -F • e xp  [ - -  ;~ 
2 d O 

2 (Fo( i ,  z ) - - F o ( i ;  ~i))] X + ~i exp  [ - -  ;~ 

Q \ Q / Q / 

(2s) 

Substituting (23) in (13) we determine Si(l" ), and substituting si(r  ) in (23) we determine Oi(r, r). 

Hollow sphere with boundary condition of the second kind at the outer surface (a(r) = 1, ~(r) = 0, 3/(7") = X-~q2(r), 

qz(r) < qi(T)). 

Applying, in this case, integral transform (15) with the kernel 

X sinF~ R 1  ., R1 

where ~n are the roots of  the characteristic equation 

t g ~ ( k - -  1 ) =  ( k - - 1 ) 1 ~ / ( 1  - t - k ~ ) ,  (25) 

and using the inversion formula 

1 = e ( r ,  

~o 

4 ~  2 [ Fa~9'~'~('O W~ [k-F F~(Ie--1)l - -  
n=l 

- -  (1 - -  F~)sin2Fn(k --  1 ) -  2F.  cos  2Fn(k - -  I)} -1 , 

(26) 
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we obta in  the solut ion 

O, (r, T) = =a a/4~, R'/~ V Fa ,i" [ql (0) W o (Fn) - -  
n =  1 0 

- - k V , q ~ ( O ) W o ( ~ n k )  l exp [ - - ~ ( F o ( 1 ,  T ) -  

- -  F o ( 1 ,  O)] dO {2F,~ [k + l ~ ( k  - -  1)l - - ( 1  - - F ~ )  X 

s in  9F,, (k ~ 1) - -  2 F .  c o s  2 F .  (k - -  1)} - ~  Wo ( ~  r/R1), (27) 

while  for v -> r i and r _> r i we use in tegra l  t ransform (15) with ke rne l  (20) in which 6vi are  the  roots of  the equat ion 

and using the invers ion formula  

tg g~i (k~ - -  1 ) = k~ ~ i '  (28) 

Vo' ('c)] [g~. = 0(~ ,  ~ ) =  

~ - ~  (~) Vo ~i ' = r3 r~[2g.,i(k~- 1 ) - - s i n 2 ~ ( k ~ -  1)] " (29) 

we find the solut ion 

"i Vo (~i r/ri) v O~(r, ~ )=  a~ ~ ~ - -  

'i =1 r i [2o~(k i 1) - -  sin 2~,,~ (k~--l)] / \  

• {k r;/~ t~ V'o (%) {1 - exp [ -  ~.,(~o (i, . )  - Fo (/, ~,))l } - -  
C3o) 

--  a~,,,. ~'~/, Vo (~,, k~) S q, (0) ex p [ - -  ~ (Fo (i, . )  - -  Fo (i, 0))1 d O - -  

- -  a~,~ X exp [ - -  ~ (Fo (i, ~) - -  Fo (i, *t) )] • 

X [r'/ 'f~(r) V o ~i dr . 
r .  

t 

The unknown functions are  de t e rmined  in a manne r  analogous  to the p reced ing  case.  

Hol!0w sphere with boundary condi t ion  of  the third kind at  the outer  surface ( a ( v )  = 1, ?~(r) = 0, fl ( r )  = a/k). 

In this case  we use in tegra l  t ransform (15) with ke rne l  (24) in which gn are the roots of  the  equa t ion  

tg Pn (k - -  1) F~ (k - -  1 + Bi2)/(1 + k ~  - -  Bi2). (31) 

Using inversion formula  (26), we find the solut ion 

~8 a 

IFF 1 [Ot~ (~)] = 0 (r, ~) --- 4kRi/, X 

• ~[t~XWo(~.lWo(~nr/Rt)] r + ~(k--  111-- 
r t=l  

- -  (1 - -  F~) s i n  2Fn (k - -  1 ) - -  2 ~  c o s  2Fn (k - -  1 )I - 1  y, 

• . i q l ( 0 ) e x p [ - - F ~ ( F ~  ~ ) - - F o ( 1 ,  0 ) ) ] d 0 .  
0 

(32) 

For ~" _ T0 we use t ransformat ion  (15) with kerne l  (20) in which 8vi are  the roots of  the  equat ion  

(33) 
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The inversion formula is, in this case, of the form of (29). Hence the solution is 

oo 

x , 

& 

X I i [ 2 o ~ i ( l f i - - 1 ) - - s i n 2 o , i ( k i  1)I-1X 

*,2 ,~3 X [1--  exp (--  o~i Fo (i, ~))] + %i X 

X ,frV2fi(r) V o g~i dr  . 
Q 

04) 

Analogous methods can be used to solve problems involving phase change at the outer boundary or t ime-dependent  
physical properties. 

NOMENCLATURE 

a, k - thermal diffusivity and conductivity, respectively; t(~0) - temperature of phase transformation; p - density; 
a - heat transfer coefficient; Q - total quantity of heat passing through inner boundary; F - latent heat of phase trans- 

formation; Fo(1, r)  = ar/Rl ,  Fo(i, ~') = ar/r~, Fo(i, ~'i) = a~'i/r~ - Fourier numbers; Bi 2 = a R 2 / k - B i o t  number. 
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